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We report on a comparison of four GaAs/AlGaAs-based quantum resistance standards using an original
technique adapted from the well-known Wheatstone bridge. This work shows that the quantized Hall re-
sistance at Landau level filling factor ν = 2 can be reproducible with a relative uncertainty of 32 × 10−12
in the dissipationless limit of the quantum Hall effect regime. In the presence of a very small dissipation
characterized by a mean macroscopic longitudinal resistivity Rxx(B) of a few µΩ, the discrepancy ∆RH(B)
measured on the Hall plateau between quantum Hall resistors turns out to follow the so-called resistivity rule
Rxx(B) = αB × d(∆RH(B))/dB. While the dissipation increases with the measurement current value, the
coefficient α stays constant in the range investigated (40− 120 µA). This result enlightens the impact of the
dissipation emergence in the two-dimensional electron gas on the Hall resistance quantization, which is of
major interest for the resistance metrology. The quantum Hall effect is used to realize a universal resistance
standard only linked to the electron charge e and the Planck’s constant h and it is known to play a central
role in the upcoming revised Syste`me International of units. There are therefore fundamental and practical
benefits in testing the reproducibility property of the quantum Hall effect with better and better accuracy.
PACS numbers: 73.43.-f, 06.20.-f
Keywords: Quantum Hall effect, fundamental constant of physics, reproducibility, two-dimensional electron
gas, quantum resistance standard
I. INTRODUCTION
The quantum Hall effect (QHE)1, which mani-
fests itself by the Hall resistance quantization in two-
dimensional electron gas (2DEG) at RK/i values in the
non-dissipative transport limit (i is an integer and RK
is the von Klitzing constant equal to h/e2 in theory2,
with e the electron charge and h is the Planck con-
stant), led to a universal and reproducible representation
of the unit ohm that can be currently maintained in na-
tional metrology institutes with a relative uncertainty3,4
of 1 × 10−9. This breakthrough also resulted from the
advent of resistance bridges based on cryogenic current
comparator (CCC)5 using superconducting quantum in-
terference devices (SQUID). The impact of the QHE in
metrology was more recently enlarged by its implemen-
tation in the alternating current regime6 and by the de-
velopment of quantized Hall resistances (QHR) arrays7.
A similar breakthrough occurred in the field of voltage
unit following the discovery of the Josephson effect (JE)8.
The major asset of the ohm representation by the QHE
is its excellent reproducibility resulting from its link to
the fundamental constants of physics. Practically, quan-
tum standards must be independent of the experimen-
tal implementation, material nature and sample proper-
ties, provided that some practical quantization criteria
are fulfilled9. Among those is the absence of dissipation
in the 2DEG. As emphasized by the Landauer-Bu¨ttiker
theory of the QHE10, the perfect quantization of the Hall
resistance in the QHE regime relies on the absence of
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FIG. 1. Drawing of the experimental setup including the
quantum Hall Wheatstone bridge made of four Hall bar sam-
ples (photography) and the CCC measuring the unbalance
current.
any backscattering of electrons. In practice, this means
the measurement of a very low value of the longitudinal
2resistance. In Hall bar samples of metrological quality,
the Hall resistance was observed to deviate linearly from
quantized value as a function of the minimum longitudi-
nal resistance3,11. Even if explanations have been pro-
posed for this observation12–14, the relationship between
the two resistivity components remains to be further in-
vestigated as a function of magnetic field very close to
the zero-dissipation state.
It remains a continuous challenge to investigate the
reproducibility property both theoretically and experi-
mentally. Thereby, a very small magnetic field dependent
quantum electrodynamics correction to RK was recently
predicted15. Although its measurement is far beyond the
present time capability, any new experimental test of the
reproducibility property performed with a better accu-
racy will reinforce our confidence in the QHE as a coner-
stone of the future Syste`me International of units based
on the fixing of fundamental constants of physics16. A
major stake is the redefinition of the kilogram in terms
of h by means of the QHE and JE in the watt balance
experiment17. Any lack of reproducibility of the QHE
will further question the relation RK = h/e
2 and impact
the SI redefinition.
The most severe reproducibility tests of the QHE have
been performed by comparing QHR in different materials
leading hence to the so-called universality tests. QHR
realized in GaAs/AlGaAs 2DEG and Si-Mosfet based
samples18,19 were found to agree with a relative uncer-
tainty of 3 × 10−10. More recently, graphene has of-
fered the opportunity of new stringent tests20: the QHR
on the ν = 2 plateau in graphene monolayer21,22 (resp.
ν = −4 plateau in graphene bilayer23) was recently found
in agreement with the QHR in GaAs/AlGaAs within a
relative uncertainty of 9 × 10−11 (resp. 5 × 10−7). Fur-
ther reducing these uncertainties is timely to deepen the
investigation of the relativistic QHE in graphene. The
comparison between the integer and fractional QHE is
another way to test the universality property24. More
precise reproducibility tests can be performed by compar-
ing quantum standards made of the same material and
varying other experimental implementation conditions.
In this paper, we report on a comparison, per-
formed using the original quantum Wheatstone bridge
technique25, of four different QHR, each made of the
same GaAs/AlGaAs 2DEG widely used in metrology
institutes26. A negligible relative deviation of −1.9 ×
10−12 covered by a record measurement relative uncer-
tainty of 32 × 10−12 (1σ) is found between the QHR in
the limit of dissipationless state. This new demonstration
of reproducibility has a relative uncertainty three order
lower than that of the RK determination in the SI using
the Thompson-Lampard capacitor27. This uncertainty
is also three times smaller than that of the best QHR
comparison between graphene and GaAs22. Moreover,
the measurement of the discrepancy between QHR and
of the longitudinal resistance as a function of magnetic
field very close to the zero-dissipation state shows a resis-
tivity rule between the diagonal (Rxx) and off-diagonal
components of the resistivity tensor (Rxy = RH) . These
results not only consolidate the QHE physics but also
bring deepen knowledge for improving the practical real-
ization of the resistance unit.
II. EXPERIMENTAL SETUP AND MEASUREMENT
TECHNIQUE
Fig. 1 shows the Wheatstone bridge device made of
four 400 µm-wide Hall bars connected by aluminum
bonding wires using the triple connection technique. Ex-
ploiting the fundamental properties of the QHE, this
method28 reduces the impact of the wire and contact
resistance RC on the four-terminal definition of the Hall
resistance RH to a third order effect O[(RC/RH)
3]. Fig.
2 shows the typical magneto-resistance curves of one
Hall bar measured at 1.3 K with a current of 10 µA.
The four samples are characterized by very close elec-
tronic mobility (310000 cm2V−1s−1) and carrier density
(5.2 × 1011 cm−2) values. Each Hall bar has been indi-
vidually checked according to the technical guidelines for
the QHE metrological use9. Notably, the resistance of
each AuGeNi ohmic contact3 was deduced from a three-
terminal resistance measurement in the QHE regime at
ν = 2. In such a configuration, the contact of interest
is used to inject the current and probe the potential, a
second contact is used to expel the current and a third
contact on the equipotential where lies the contact of
interest is used to probe the voltage drop, so that the
measured quantity is the series of the cable resistance
between the top of the refrigerator and the contact of in-
terest, the contact resistance itself and the longitudinal
resistance. Knowing the cable resistance (0.3 Ω), and the
longitudinal resistance along the equipotential at ν = 2
in these samples being negligible (< 100 µΩ), the resis-
tance of each contact can be easily deduced to be lower
than 0.1 Ω. Once the Wheatstone bridge mounted, using
a similar three-terminal measurement technique applied
at ν = 2, the resistance of the twelve accessible terminals
Inj+A , L
+
A, H
+
A , Inj
+
B , L
+
B , H
+
B , Inj
−
A , L
−
A, H
−
A , Inj
−
B ,
L−B , H
−
B (see Fig. 1) was determined. For example, in
the case where the current circulates between Inj+A and
Inj−A and the voltage drop is measured between Inj
+
A
and H+A , the resistance that can be deduced is half the
mean value of the resistance of current contact of Hall
bar 1 and the resistance of current contact of Hall bar 4.
From these twelve measurements it was also deduced that
the mean value of the contact resistance is below 0.1 Ω.
The resistance comparison error due to interconnections
is therefore strongly reduced by the multiple connection
technique to a negligible level of ∼ 10−15. All measure-
ments presented in the following were carried out at mag-
netic inductions corresponding to the RK/2 plateau for
each Hall bar. Fig. 1 presents the drawing of the Wheat-
stone bridge integrated into the experimental setup. The
connection scheme enables the measurement of the re-
sistance unbalance of the bridge in two configurations
3FIG. 2. Hall resistance and longitudinal resistivity measured
with a current of 10 µA at T=1.3 K as a function of the
magnetic induction in Hall bar sample numbered 2
CA and CB along the two diagonals of the device. In
configuration CA, it has been measured using the sup-
plying terminal-pair (Inj+A , Inj
−
A ) and current detection
terminal-pairs (W+A , W
−
A ) and in configuration CB using
the terminal-pairs (Inj+B , Inj
−
B ) for the supply and (W
+
B ,
W−B ) for the detection. In the Direct Current (DC) limit
the relative unbalance current Iub/I of the Wheatstone
bridge, where I is the current circulating in each Hall
bar, is related to the relative deviations of each QHR j
to RK/2, αj = (2R
j
H −RK)/RK:
[Iub/I]CA = −[Iub/I]CB =
[(α2 + α4)− (α1 + α3)]
2
It can be interpreted as the relative deviation of one par-
ticular quantum resistor among the others:
∆R/R = 2[Iub/I]CA = −2[Iub/I]CB
In our experiment, the Wheatstone bridge is biased by
a low frequency f alternating voltage (between 0.10 Hz
and 20 Hz) and the unbalance current Iub(f) is detected
by a 3436 turns winding of a CCC used as amplifier. The
13.6 µA.turns/φ0 sensitivity of the CCC equipped with
a 10−4 φ0/Hz
1/2 white noise radio-frequency SQUID re-
sults in a 400 fA/Hz1/2 current resolution. The polar-
ization of the bridge and the signal detection at the
output of the SQUID electronics are ensured by a Sig-
nal Recovery 7265 lock-in detector. At each measure-
ment frequency, the angular phase of the lock-in detec-
tor is adjusted with a standard uncertainty of 20 µrad
so that placing a 1 MΩ resistor parallel to one arm of
the bridge, which produces a real impedance (resistance)
unbalance, results in a calibrated signal only on the in-
phase lock-in axis. Afterwards, the in-phase signal at
frequency f can be converted to an equivalent resistance
unbalance (∆R/R)f . The latter includes the QHR unbal-
ance ∆R/R and others very small residual frequency de-
pendent contributions caused by the measurement chain.
The measurement procedure then consists in determin-
ing precisely the frequency dependence of (∆R/R)f to
obtain ∆R/R alone by extrapolation to zero frequency.
Each cable connected to the bridge is PTFE insulated
and protected by a shielding at ground potential. Thus,
only current leakage to ground can affect the comparison
accuracy. But the symmetric polarization of the bridge
sets current detection terminals at potential very close
to ground: in-phase (out-phase) voltage is no more than
10−5 (10−4) times RHI. It results that the measurement
error of ∆R/R caused by current leakage is strongly re-
duced to about 10−5 × RH/RG, where RG ≫ 10
12 Ω is
the insulation resistance between cable inner and ground.
The measurement uncertainty of ∆R/R is therefore de-
termined from the statistical analysis (1σ) of the mea-
surement noise (type A uncertainty) as reported in all
figures.
III. RESULTS
A. Measurement of the longitudinal resistance
FIG. 3. Current dependence of Rxx(A
+) (open blue circle),
Rxx(A
−) (open red square), Rxx(B
+) (open magenta trian-
gle) , Rxx(B
−) (open green diamond), mean value Rxx (filled
blue circle). Inset: standard deviation Sxx.
The perfect quantization state of the QHE is only
reached in the zero-dissipation limit. The longitudinal
resistivity which is assumed to measure the dissipation
level cannot be determined independently in each quan-
tum resistance standard once the Wheatstone bridge is
mounted. But, using H+A ,H
−
A ,L
+
A,L
−
A voltage terminals,
four resistances which are different combination of two
longitudinal resistivity rxx of individual Hall bars were
measured using a EMN11 nanovoltmeter with an accu-
4racy around 1 µΩ:
Rxx(A
+) =
W
L
|V (H+A )− V (L
+
A)|
I
=
(r1,Upxx + r
4,Up
xx )
2
Rxx(A
−) =
W
L
|V (H−A )− V (L
−
A)|
I
=
(r2,Loxx + r
3,Lo
xx )
2
Rxx(B
+) =
W
L
|V (H+B )− V (L
+
B)|
I
=
(r2,Upxx + r
1,Lo
xx )
2
Rxx(B
−) =
W
L
|V (H−B )− V (H
−
B )|
I
=
(r4,Loxx + r
3,Up
xx )
2
(Up and Lo exponents which complete the rjxx notation
refers to upper and lower edges of the Hall bar j respec-
tively). Fig. 3 shows that the current behaviors of these
four Rxx quantities, measured at the center of the ν = 2
plateau (B=10.86 T), are similar in the current range in-
vestigated. Below 60 µA, all longitudinal resistances are
independent of the current value and their values, only
determined by the temperature T=1.3 K, represents no
more than one part in 109 of the Hall resistance. The
current behavior of their mean value Rxx, equal to the
mean value rxx, seems therefore very representative of
the behavior with current in each Hall bar. In addition,
Rxx(A
+) discards much more from the mean value Rxx.
This is in agreement with the conclusion drawn from in-
dividual characterizations showing that r1,Upxx was higher
in the Hall bar sample numbered 1. Although the re-
sistances Rxx(A
+), Rxx(A
−), Rxx(B
+) and Rxx(B
−) are
correlated because rj,Upxx and r
j,Lo
xx characterize the same
sample j, the standard deviation Sxx
29 is a useful quan-
tity reflecting the rxx dispersion among Hall bars. Its
dependence on current is similar to that of Rxx (see in-
set of fig.3). At this point, we want to make clear that
the identification of the mechanisms leading to the dissi-
pative transport in the QHE regime is beyond the scope
of this paper. Even if it is expected that variable range
hopping30 could explain rxx at low temperature and low
current3, it would have been useful to this end to study
the current dependence or, better, the temperature de-
pendence of the longitudinal resistivity.
B. Hall resistance plateau tilting and the resistivity rule
Fig. 4 shows that the discrepancy (∆R/R)0.25Hz, mea-
sured in configuration CA at T = 1.3 K, as a function
of the magnetic induction B forms a plateau with a fi-
nite slope increasing with current. All plateaus mea-
sured with different currents intercept zero discrepancy
value at a common magnetic induction BP = 10.86 T
defining an apparently current independent fixed pivotal
point within a 10−10 uncertainty. At BP, Rxx is mini-
mal and the Landau level filling factor ν = nsh/(eBP),
calculated using the mean value of the electron den-
sities in the four Hall bars ns = 5.19 × 10
11 cm−2
is 1.98, therefore very close to 2. The observation
of such a fixed point comes from the electron densi-
ties of the four Hall bars differing between them by
FIG. 4. (∆R/R)0.25Hz and Rxx as a function of the magnetic
induction B for 40 µA (blue), 80 µA (green) and 120 µA
(red) measurement currents. Dashed lines are interpolation
curves of (∆R/R)0.25Hz. Dotted lines are representations of
2.7× 10−2 ×B × (d(∆R)/dB)0.25Hz functions.
less than 10−2 in relative value. Rxx(B) at each cur-
rent can be very well adjusted by the function 2.7 ×
10−2×B×(d(∆R(B))/dB)0.25Hz (see dotted lines in fig-
ure 4), with (d(∆R(B))/dB)0.25Hz the derivative of the
functions interpolating (∆R/R)0.25Hz curves. The lin-
ear relationship between the slope (d(∆R(B))/dB)0.25Hz
and Rxx(B) notably means that the plateau is perfectly
flat in the dissipation-less limit, as expected. Simi-
larly, it is found that Sxx(B) ∼ 2.3 × 10
−2 × B ×
(d(∆R(B))/dB)0.25Hz showing that the observation of
(∆R/R)0.25Hz plateau tilting in our experiment prob-
ably results from the small difference existing between
rxx values in the four Hall bars as yet concluded from
fig. 2. The observation of a linear relationship between
the Hall plateau slope and the longitudinal resistance,
know as the resistivity rule (RR)31–34, was reported in
2DEG by several groups. This is a very general rela-
tion which also applies to the thermopower tensor in the
QHE regime35. It was proposed that this linear relation-
ship results from large scale density fluctuations36,37. In
this model, the macroscopic dissipative resistivity Rxx
depends mainly on the fluctuations of the microscopic
transverse resistivity δρxy caused by the spatial varia-
tions of the filling factor and is weakly linked to the mi-
croscopic resistivity ρxx assumed to be≪ δρxy. It results
that Rxx(B) ∼ α×B×dRxy(B)/dB where α is given by
Cδns/ns and C is assumed to be order unity. The value
of α = 2.7 × 10−2 deduced from our adjustments is in
agreement with the relative density fluctuations of 10−2
measured between samples. The observation of the (RR)
on the ν = 2 plateau at the 10−9 accuracy seems to in-
dicate that the microscopic dissipation characterized by
ρxx is very low. In the scope of this model, Rxx would
simply be an upper bound of ρxx, which turns out to
be very low. However, the longitudinal resistance stays
a relevant quantization criterion since directly linked to
Hall resistance deviations. More practically, it appears
5that reproducing RK value within 10
−10 requires samples
with very low rxx value and highly homogeneous carrier
density as well as very precise determination of the mag-
netic field giving the minimum of rxx.
C. Frequency dependence of the Hall resistance
discrepancy
At BP = 10.86 T, the ν = 2 plateau center which
gives minimal discrepancy as well as minimal Rxx value,
the frequency dependence of (∆R/R)f between 0.15 Hz
and 20 Hz was accurately measured to determine ∆R/R
by extrapolation to f = 0 Hz. These measurements were
performed for current values of 40 µA, 80 µA and 120 µA
using measurement configurations CA and CB. Fig. 5 re-
ports on (∆R/R)f (Im(∆Z/Z)f , the imaginary part of
the impedance unbalance, in inset) as a function of fre-
quency f for measurement configuration CA and a cur-
rent of 80 µA. Each determination at a given frequency
is the weighted mean value of several measurements with
acquisition time as long as 50 000 s. Allan variance anal-
ysis shows that the standard mean deviation is an ade-
quate estimate of the uncertainty (noise is white, no 1/f
noise is observable). (∆R/R)f can be perfectly adjusted
by a second order polynomial function which is different
for CA or CB measurement configurations. The under-
standing of the frequency dependence is beyond the scope
of the paper. However, let us just remark that the linear
frequency dependent term has a significant amplitude of
−3.07× 10−7/kHz in configuration CA that could result
from losses in capacitances as was observed at higher fre-
quency (a few kHz)6.
FIG. 5. Frequency dependence of (∆R/R)f (Im(∆Z/Z)f in
inset) in measurement configuration CA. Uncertainty bars
are smaller than blue circle size.
TABLE I. Current dependence of mean longitudinal resis-
tance and relative deviations to quantization.
I Rxx (∆R/R)CA (∆R/R)CB (∆R/R)CAB
(µA) (µΩ) (10−12) (10−12) (10−12)
40 6.2± 1.6 −3.9± 48.7 17.6± 71.3 2.9± 40.2
80 8.5± 0.8 68.4 ± 20.6 48.3± 19.5 57.8± 14.2
120 17.1± 0.9 119.4 ± 19.3 48.6± 37.5 104.5 ± 17.2
D. Reproducibility of the Hall resistance close to the
zero-dissipation state
The extrapolation of (∆R/R)f to f = 0 Hz mea-
sured in configurations CA and CB for each current re-
sults in ∆R/RCA(I) and ∆R/RCB(I) respectively, the
weighted mean value ∆R/RCAB(I) of which can then
be calculated. All values are reported in Table 1. In-
set of Fig.6 shows ∆R/RCAB(I) as a function of current.
∆R/RCAB(I) reported as a function of Rxx(I) (see fig.
6) exhibits a linear relationship with a coupling factor
of 0.08. We then used a generalized χ-two linear least
square method to extrapolate ∆R/RCAB to Rxx = 0.
The result is ∆R/RCAB(Rxx = 0) = (−1.9±31.8)×10
−12.
It demonstrates with a record relative uncertainty of
32×10−12 the reproducibility of the quantized Hall resis-
tance on the ν = 2 plateau in the GaAs samples if they
are in the dissipation-less state. For a minimal Rxx value
higher than 20 µΩ, the QHR departs from each others by
more than 1 × 10−10 at the center of the ν = 2 plateau.
∆R/RCAB(I) was also reported as a function of Sxx(I)
showing a linear relationship. The extrapolation to
Sxx = 0 gives ∆R/RCAB(Sxx = 0) = (12± 29.9)× 10
−12.
This result means that the discrepancy between quan-
tum Hall resistances cancels if the four Hall bars have the
same macroscopic longitudinal resistance. This claims for
a similar mechanism linking the Hall and the longitudinal
resistances in each Hall bar. This confirms the hypoth-
esis previously evoked that the discrepancy observed at
finite current probably results from unequal longitudinal
resistance values in the four Hall bars. Considering the
magnetic field dependence of (∆R/R)0.25Hz expressed by
the (RR)(see fig. 3), the linear behavior of ∆R/R as a
function of Rxx can simply result either from the ∼ 10
−2
T-inaccuracy of the magnetic induction experimental re-
alization of the pivotal point or from its indetermination
itself due to the 10−2-dispersion of the electron densities
of the four Hall bars. The existence of small effective
misalignments of QHR Hall probes, usually explained by
the carrier density inhomogeneity13 or the chiral nature
of the current flow in finite width voltage terminals12,
can also explain the observed linear coupling. Although
samples have very close geometry, the deviations caused
by the finite width of voltage terminals should not totally
compensate since longitudinal resistances are different in
the four Hall bars.
6FIG. 6. Relative resistance deviation between quantum Hall
resistances ∆R/RCAB as a function of the mean longitudinal
resistance Rxx. Linear adjustment of ∆R/RCAB (Rxx) (thick
blue line) and 1σ standard deviations (thin blue line). Inset:
∆R/RCAB as a function of current.
IV. CONCLUSION
This work demonstrates the perfect reproducibility of
the quantum Hall effect with a record uncertainty of
32 × 10−12. This is a new result supporting a revision
towards a Syste`me International of units taking into ac-
count quantum physics. It also shows that, close to the
zero dissipation state, the Hall resistance on the ν = 2
plateau departs from RK/2 as a function of minimal
longitudinal resistivity following the so-called resistivity
rule. It turns out that a longitudinal resistance higher
than 20 µΩ leads to a relative discrepancy to quantiza-
tion of the Hall resistance higher than 10−10. The accu-
racy of the reported comparison was limited by the sen-
sitivity of the CCC. A current sensitivity of 20 fA/Hz1/2
can be achieved using a 4000 turns detection winding of
a DC SQUID based CCC38 with a sensitivity of about
80 pA.turn/Hz1/2. Comparisons of quantum resistance
standards, for example made of GaAs and graphene20,
could therefore be performed with an accuracy ∼ 10−12
using the Wheatstone QHE bridge technique.
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